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The present paper shows a way starting from a matrix-theoretical representation of Fourier series 
and leading to the reduction by the symmetry properties of the matrix of Karle and I-Iauptman 
(i950) type, so that  a general form of fundamental inequalities involving structure factors can be 
derived for any given space group• 

I t  has been reported (Taguehi & Naya ,  1958) tha t  
when the  Kar le  & H a u p t m a n  mat r ix  is slightly 
modified by the  cyclic matr ix ,  the ma t r ix  F can be 
diagonalized completely, so t ha t  the characterist ic 
numbers  m a y  correspond to the electron densities; 
namely,  

p =  UFU -1, (1) 

where D and F are the  following N-dimensional  
matrices with N large: 

-~0 
" .  

O 
_ _  

0 ~N-1 , 

-No F-1 F-2 . . F2 FI- 
F1 F0 F-1 . . F3 F2 

• . . . .  . • • • • • . • • • . • • 

1 
F = ~  (2) 

* Deceased, 26 May 1959. 

U being a un i ta ry  mat r ix  used in the t ransformat ion.  
In t roducing the regular  representat ion for the cyclic 
group of order N, 

1, C, . . . ,  Ch, • • . ,  C ~'-1 

- 0  . . . .  0 1 -  
l 0  . . . .  0 
0 1 \  

C =  0 \ \  C X = l ,  (3) 
• . \ \ \  
• . \ 1 \ .  
0 0  . . 0 1 0  

F can be wri t ten as 
1 ~ - 1  

F =  ~ 2; FhC h . (4) 
h=0 

We shall extend equat ion (4) for the one-dimensional 
case to the three-dimensional one. The resul tant  
expression becomes to be 

1 ~ - 1  ~'-1 iv-1 1 _A'-I h 

F = ~  h=0 2; ~,=02; Z=02;F~ktC"xC~xCz=~V~h2-0~hC'_ 
(5) 
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where C h is the N3-dimensional mat r ix  defined by  a 
direct  product  of three matrices C a, C ~, CZ: 

C h -  C a x C  k x C  ~. (6) 

Now, using the Kronecker  symbol  (~, the element of 
ma t r ix  C a in row h~, column he can be expressed from 
(3) as 

h _ (mod N) , (7) 

F,  = 

-F~o F '  - . . . . . . . . . .  O,s--1 
. ° . . . . . . o . . . . . . . . . . .  

° . . . . . . . .  . . . .  . . . . . . .  

. . . . . o . . . . . . . . . . . . . .  , 

. . . . . .  ° . . . .  . . . . .  

• ; . . . . . . . . . . . .  F;  . . . .  
_ F s _ l , O  . . . . . . . .  s - l , s - i  

h~ and  he being 0, 1, 2, . . . ,  N - 1  respectively. Hence, 
taking the  h~ = (h~, k~, li), hj  = (hi, kj, l~) element  of 
ma t r ix  C h as 

_ ~ h  C k l Chi,h hj - - ( C h  x Clc )< Cl)(hi, ki,li)(hj, k],tj)--'~hi, ki, k] " Cli, l~ 

= 6h, hi-h j • ~k, ki-lc j • ~l, li-1 j ~- ~h, hi--hi , (8 )  

the  elements of mat r ix  F in (5) are wri t ten as 

~V--1 .V--1 
h 

2~3Fhi ,  h 7 : f f  ]~h" Chi, h~ = ~ Eh" ~h, hi--h ] = Fhi--h] " (9) 
h=O h=O 

From the non-negat iv i ty  of the mat r ix  F and using 
relation (9), it follows 

l ~ h l _ h ~  . . . . . . . . .  Fhx_h n 
. . . . . . . . . . . . . .  . . . . . . 

. . . . .  Fhi_h] . . . . . . . . .  

. . . . . . . .  . . . . . . . . . . . .  

• . . . . .  , . .  . . . . . .  • . . . .  

. . . . . . . . . . . . . . . . . . . .  

. ~ h n _ h l  . . . . . . . . .  Fhn_h n 

>_ 0 ( n = l ,  2, 3, . . . )  

(10) 

This is the Kar le  & H a u p t m a n  inequali t ies in the 
three-dimensional  case. 

We shall  consider the reduction of the mat r ix  
applicable to any  space group" 

{ S o  - E = ( l l 0 ) ,  . . . ,  S v = ( R v l t v ) ,  • } 

( p = 0 ,  1, 2, . . . ,  s - l ) ,  

Rv being the rotat ional  par t  and tv the t ransla t ional  
par t  of the p th  s y m m e t r y  operator Sp. Let us re- 
arrange the elements of mat r ix  (5), and then set up 
the following one (11) 
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(11) 

where its pq element is 

--FRphl, Rqhl . . . . . . . . . . . .  lt~Rphl, Rqhm I 

' I , ( 1 2 )  
F p q = ]  . . . . . . . .  FRphi, Rqhj . . . . . . . . . . . . .  ] 

LFRvhm, Rqhl . . . . . . . . . . . .  FRphm, Rql~ } 

h i , . . . ,  hm being a set of necessary asymmetr ic  
vectors in reciprocal lattice. Here i t  is to be added 
tha t  the hermi t i an  non-negative character  still  holds 
in (11). Fur thermore,  using the following uni ta ry  
mat r ix :  

T= 

7'0 

Tv 

Tq 

0 
T 8  - 1  

Wp ~- 

I 

- xp [-- 27dhltp] 0 

o 

"exp. [ -- 2zih~tv] 

exp [ -  2~rihmtv]_ 

we shall t ransform equation ( l l )  to (14) 

, ( 1 3 )  

TF,T-1  = 

- T o F 0 0 T 0  "1 . . . . . . . . . . . . . . .  T o F ; , s _ l T s l l  - 
• . . . . . .  . . . . . • . . . . .  . . . . . . . . . .  . . . • . . . . .  

. . . . . . . . . . . . .  • • . . . . .  . . . . . . . . . • . . . . . . .  

. . . . . . . . . . .  TpFpqTq 1 . . . . . . . . . . . . . . . .  

. . . . . . . . . .  . . . . . . • . . . . . .  • • . . . . . . .  . . . . . 

_T~_~F~_~, oTo ~ . . . . . . . . . . . .  T~._,F'~_~,s_~TT_~,_, 
(14) 

where TpF~qTq 1 of mat r ix  (14) is 

--FRphl, Rqh l e x p  [--27~i(hltv--hltq)] . . .  FRphl, Rqhm exp [ - 2 z d ( h l t p - h m t q ) ]  
. , . . . . . . . . . . .  . . . . . . . . . . . . . . . - . . . - . . . * . - . . . . - .  . . . . .  . . . . . • . • • . . • 

. . . . . . .  . . • . . • • . . . . .  . . . . . , . . , . . . . . . . . , . - .  , •  . . . . . . . .  • • . . . . . . .  • . . 

FR¢~i, Rqhj exp [ -- 2~i  (h~tp - lljtq)] 
. . . . . . . • . . . . . . . . . . . . . . . . . . . . . . • . . . . . . •  . . . .  • • . . . . . . . . .  . . ° . . • . • • 

• . . . .  . . . . . . • . . . • • • • • • • . . . . . .  . . . • . . . .  . . . . • . . . .  . . . • • • . • • . . • • • • • • 

FROm Rqh~ exp [-- 2~i (hmtp - hltq)] • • • FRphm Rqhm exp [-- 2~i  (hmtp-- hrntq)] _ 

(]5) 
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Now, making use of relation (9) and introducing 
R,=I:t-~iRq, the elements in mat r ix  (15) can be 
expressed 

N3FRphi, R~hl exp [-- 2~i  (hitv -- hCtq)] 

= FR~hi--~qh~ exp [-- 2~i  (h~tv -- hCtq)] 

= F~o~i_~h]) exp [-- 2~i  (h~tv - h~tq)], 

which, using the well known character ( t q= tvR~+  tr) 
and the structure factor relation 

(Fh = FR~h exp [ -- 2~ihtv])  , 

can be expressed in a simple form 

Fp~(hi--~hp exp [ -- 2~i  (h~ -- Rrh~)tv]. exp [2~ihCt~] 

= Fhi_Rrh] exp [2~ih~tr].  (16) 

Hence, equat ion (15) becomes 

s - - i  

T~F~qTq ~ =  .~, ~ R p R r R q - l , l . ~ R r ,  (17) 
r = O .  

where 

and 

~RpttdQ-~, 1 = 1, if R p R r R q  1 = 1 , 

(~Rpl~Rq-1,1 = O, if R v R r R q  14-1 , 

1 ~ , = ~  x 

Fhl--Rrht exp [2~ihxt~] . . .  Fhl_Rrhm exp [2~ih~t , ]  
. . . . . . . . . . . .  . , . . . . . . . .  . . , . . . . , . . . , . . . . . . 

. . . . . . . . . . .  Fhi--~h] exp [2~ih~tr] . . . . . . . . . . .  

. . . . . .  . . . . . . . . . .  . . . . , . . , . . . . . . , . . . . . . .  , . 

. . . . . . . . . . . . . . . . . .  , . . . . . . . . , . . . , . . . . . . .  , 

(18) 

As is well known, the elements of the regular represen- 
ta t ion-matr ix  P(R~) for an element R~ in a given 
point group 

( R o  = 1 ,  . . . ,  Rv,  . . . ,  l~q,  . . . ,  R r ,  . . . ,  Rs-1) 

can be given by  

PRp, Rq( Rr  ) = ORpRrRq-L I • (19)  

Combining (14), (17), (18) and (19), we obtain 

s - - 1  

T F ' T - ~  = .~  P(R~) x FR~ . (20) 
r = O  

The reduction of the mat r ix  (20) can be made 
using the irreducible representat ion for P(R~). There- 

fore, the reduced form of (20) is represented by a 
form of a direct sum as 

l 

(TF'T-1)irred. = ,~'+ nkF k , (21) 
k = l  

s - - 1  

! 

Fx = ,~ Pk(Rr) × F ~ ,  (22) 
r ~ 0  

where ~+ means direct sum of matrices and P~(Rr) 
is the kth irreducible representat ion-matr ix  obtained 
from the reduction of P(Rr) ,  n~ its dimension and 
1 the number  of classes. 

The results (21) and (22) show tha t  the general form 
for the inequali t ies is given by the principal  sub- 
de terminants  of each F ~ which can be taken as non- 
negative;  namely,  using (18) and (22), 

-F,~, . . . . . .  F ~ -  
• • • . ~ .  • • . . . . .  

• . Fij . . . . . . .  
print ,  subdet  . . . . . . . . . . . . . .  _> 0 (23) 

F 1 ~ 2  r t ~  _ 

with 
s - - 1  

Fi~ i =- ~, P~(Rr)Fhi-P~.hj exp [27dhjtr] .  (24) 
r ~ 0  

The result  obtained is in ha rmony  with tha t  of 
Goedkoop (1952a, p. 89). 

The use of this theory for discussion about  other 
types of inequali t ies derived by  other authors (Harker 
& Kasper,  1948 ; Gillis, 1948; MacGillavry, 1950; 
0 k a y a  & Nit ta ,  1952; yon Eller, 1955; Bouman,  1956) 
will be given elsewhere, together with the practical  
applications of the result (23) to some space groups. 

We wish to thank  Prof. I. Nitta,  Prof. T. Watanabe  
and Prof. K. Husimi  for their  encouragement  and 
critical reviews of the manuscripts.  
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